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ABSTRACT: Using Brownian-hydrodynamic and lattice-Boltzmann simulations, we study the nonlinear response
of grafted semiflexible polymers to shear flow as a function of shear rate, grafting density, and chain stiffness.
Simulation results for brush height and flow stagnation layer height agree well with a mean-field theory that
incorporates the interplay of hydrodynamic screening and drag-induced polymer deformation. Our predictions
for the stagnation height show excellent agreement with recent experiments on the nonlinear hydrodynamic drag
of DNA-grafted colloids held in a laser trap.

The nonequilibrium behavior of polymers tethered to surfaces
has lately moved into the focus of attention. Of particular interest
are grafted polymer layers in shear flow which is a scenario
related to various applications encompassing stabilization of
colloidal dispersions1 or biocompatible lubricants.2 Understand-
ing of the rheological response of this system is crucial for a
number of nanofluidic devices involving end-tethered polymers.
Examples include controlled fluid pumping using anchored
linear appendices,3 biomolecular sorting and filtration through
laboratory-on-a-chip devices,4 and smart flow gating through
polymer-grafted nanopores.5 Sheared polymer brushes have thus
been extensively studied via experimental,6,7 analytical,8-10 and
numerical methods.11-16 In order to understand the significant
increase of normal forces between polymer brushes under
oscillatory shear,6 previous work has focused on shear effects on
the brush height, i.e., swelling or collapse of brushes.9-12,14-16

On the biological side, terminally attached polymers in shear
are encountered in the glycocalix in the bloodstream, which
forms an essential barrier for infection and transport of nano-
particles from the bloodstream to the vessel cells.17 Similar
structures are encountered in mucus layers such as the lung
surface18 and the mucus-like interior of nuclear pores.19

As any object that is held stationary in external flow, a brush
screens the shear flow by opposing hydrodynamic drag forces
and thereby modifies the flow profile. Since a polymer is elastic
and thus reacts to drag forces by a shape deformation that
depends on the shear rate, the screening of the boundary flow
depends via the polymer deformation on the shear rate applied.
This leads to a nonlinear boundary condition in the otherwise
linear Stokes flow that manifests itself already at experimentally
accessible and rather modest shear rates. Experimentally most
relevant is the stagnation height, i.e., the height of the layer at
which the velocity of the linearly extrapolated bulk shear flow
reaches zero. The stagnation height determines the hydrody-
namic friction force between laterally sheared opposing brushes,
and it plays an important role in the rheology of polymer-coated
colloids and surfaces, i.e., in regulating the interfacial hydro-
dynamic properties of a variety of systems. However, a

comprehensive picture of the hydrodynamic response of grafted
polymer layers and in particular of the stagnation length to
applied shear is yet lacking.

Stiff biopolymers such as DNA have recently received
considerable attention as modulators of surface activity in a
variety of practical applications. Semiflexible (or wormlike)
polymers usually exhibit static and dynamic behavior that on
small scales is remarkably distinct from flexible polymers.20

From a fundamental viewpoint, it is therefore valuable to explore
how semiflexible polymer brushes respond to applied shear flow
and how the effect of finite persistence length of chains comes
into play. Previous theoretical studies have considered mostly
dense brushes composed of flexible polymers, and theoretical
work on the shear response of grafted wormlike chains is not
available. In this work, we present a systematic study of the
stagnation length and the brush height of a layer of grafted
semiflexible chains as a function of shear rate, grafting density,
and bending rigidity. To this end, we perform extensive
Brownian-hydrodynamic (BD) and lattice-Boltzmann (LB)
simulations in the global parameter space, explicitly incorporat-
ing hydrodynamic interactions between the polymers, the
presence of a no-slip surface, and the polymer-conformation-
dependent screening of the flow profile. BD simulations are
advantageous for dilute polymer systems since the numerical
effort only depends on the number of polymer beads (and not
the system volume), LB simulation times scale with the system
volume, and thus LB becomes efficient at high polymer
concentrations. It is therefore of great methodological interest
to quantitatively compare both methods at intermediate con-
centrations where they both are applicable. We also develop a
hydrodynamic mean-field theory that explicitly incorporates the
coupling between flow stagnation and chain deformation by
laterally averaging the flow profile (on a mean field level) and
by only considering the most dominant (that is ground-state)
chain conformation. It is found that the theory agrees well with
numerical results and can be applied at very low shear rates
where both simulation techniques have efficiency problems. Our
theoretical predictions explain the pronounced nonlinear de-
pendence of the effective hydrodynamic radius of a DNA-grafted
colloid on the laminar solvent velocity that was found in recent
laser trap experiments.21
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The anchored semiflexible polymers are modeled as N
connected spherical monomers of radius a subject to the elastic
energy of a discretized wormlike chain V ) ∑i)0

N-1[(γ/4a)(rii+1

- 2a)2 + (κ/2a)(1 - cos θi)], where θi is the angle between
neighboring bonds, κ and γ denote the bending and stretching
moduli, and κ/γ ) a2/4 for an isotropic elastic rod.22 The
persistence length is lp ) κ/kBT, and the length of an unstretched
chain is l ) 2aN. Mutual overlap of monomers is prevented by
a truncated Lennard-Jones potential, and the polymers are
oriented vertically to the surface at their grafted base.

The Brownian-hydrodynamic simulations are based on the
Langevin equation

ṙi(t) ) -∑
j

µij(ri, rj)∇ rj
V + u∞(ri) + �i (1)

The external bare shear profile, u∞(r) ) γ̇zx̂ with shear rate γ̇,
is modified by the presence of the polymer. We rescale all
lengths and energies and express the dimensionless shear rate
by γ̃̇ ) l3η̇γ/kBT, where η is the solvent viscosity. Full
hydrodynamic interactions are taken into account via the
nondiagonal mobility tensor µij on the Rotne-Prager level which
correctly accounts for the no-slip wall at position z ) 0.23 The
random forces are correlated to each other according to
〈�i

R(t)�j
�(t′)〉 ) 2kBTµij

R�(ri,rj)δ(t - t′) where the self-mobility is
constant and given by µii

R� ) δR�/6πηa. To mimic a semi-infinite
system, we use periodic boundary conditions for the xx
component of the mobility tensor µij (implemented by the
Lekner-Sperb method23) and consider M ) 4 polymers with
N ) 10 monomers each grafted regularly on a square of length
L. The grafting density is defined as F ) Ml2/L2.

In our LB simulations we graft M ) 16 semiflexible polymers
on a solid surface that is constructed by a square lattice of
Lennard-Jones beads. We use the 18-velocity model (D3Q18)24

where the monomers are coupled to the solvent via a viscous
damping and a white noise satisfying the standard fluctuation
dissipation theorem. This method was shown to correctly
reproduce hydrodynamic interactions as well as polymer motion
in a viscous fluid; details are described elsewhere.25 As will be
shown, the agreement between both methods is perfect, dem-
onstrating their equivalence within the parameter range of
interest.

In Figure 1 we show representative snapshots from BD
simulations for flexible lp/l ) 0.2 (bottom) and stiff lp/l ) 10

(top) chains at intermediate density F ) 1 where the applied
shear strength is increased as one goes from left to right. One
clearly sees the chains bending toward the surface for large shear
rate, which suggests that the flow stagnation layer moves toward
the surface.

We now introduce our analytic mean-field method which
treats a single semiflexible chain in its most likely configuration,
the ground state, and subject to the hydrodynamic drag due to
the mean solvent velocity profile that results from the screening
of the imposed shear due to all other chains. Such a mean-field
approach makes sense since hydrodynamic interactions are quite
long ranged and indeed describes our numerical results for stiff
enough chains and not too large shear rates very well. We regard
the filament to lie in the xz plane and describe its shape by the
angle θ(s) between the local tangent and the z-axis, defined along
the contour s (0 < s < l). The potential-of-mean-force functional
of the semiflexible chain consists of the bending energy and
the work done by the solvent flow u(z) at a distance z from the
surface

E[θ, u] ) ∫0

l
ds[κ2θ̇2(s) - �u(z(s))x(s)] (2)

where x(s) ) ∫0
s ds′ sin θ(s′) and z(s) ) ∫0

sds′ cos θ(s′) determine
the chain shape and � ) 3πη is the friction coefficient per unit
length. In our notation, θ̇(s) ) dθ/ds. Steric interactions between
polymers are neglected. The Stokes equation relates the
curvature of the fluid velocity u(z) to the drag force exerted on
the filaments

η d2

dz2
u(z) ) �Fl-2 u(z)

cos θ(z)
(3)

which is similar to the Brinkman equation for flow in porous
media.26 The penetration of shear flow into a polymer brush
was first studied by Milner,8 who invoked the Brinkman
equation but assumed that the brush structure is undistorted by
the flow, leading to a hydrodynamic drag dependent only on
the equilibrium local density. Via the term inversely proportional
to cosθ(z) in eq 3, our formulation explicitly incorporates the
coupling between flow-induced deformation of semiflexible
chains and modified hydrodynamic screening. Note that the flow
profile u(z) in eq 3 is understood as the laterally averaged flow
profile; in that case the relation becomes exact as can be shown
using the Stokes Green’s function close to a no-slip surface.23

Figure 1. BD snapshots of sheared semiflexible polymers with different persistence lengths (bottom row: lp/l ) 0.2; top row: lp/l ) 10) at grafting
density F ) 1. To the left no shear flow is applied, in the middle column the shear rate is γ̃̇ ) l3ηγ̇/kBT ) 24 and to the right γ̃̇ ) 240.
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The boundary conditions are u(z)|z)0 ) 0 at the grafting surface
and u′(z)|z)H ) du/dz|z)H ) γ̇ at the free polymer end, where H
denotes the normal distance of the chain end from the surface.
Note that the main approximation lies in using the mean velocity
profile u(z) in eq 2 and in the neglect of polymer fluctuations.
To minimize the functional E[θ,u] we take a derivative with
respect to θ(s) leading to

κθ̈(s) ) -� cos θ(s)∫s

l
ds' u(s') (4)

with boundary conditions θ(s)|s)0 ) 0 and θ̇(s)|s)l ) 0. The
Stokes equation, eq 3, can be reparameterized as

ü(s) cos θ(s) + u̇(s)θ̇(s) sin θ(s) ) �F
ηl2

u(s) cos2 θ(s) (5)

These equations are to be solved self-consistently for the
polymer shape θ(s) and solvent velocity profile u(s), which poses
a formidable problem.

In the first approach, we assume θ(s) , 1 and linearize the
eqs 4 and 5, leading to

κθ̈(s) ) -�∫s

l
ds' u(s') (6)

ü(s) ) �F
ηl2

u(s) (7)

These equations can be easily solved and give

u(s) ) � sinh(λs) (8)

and

θ(s) ) ��
κλ{ 1

λ2
[cosh(λs) - 1] - s2

2
cosh(λl) +

s
λ

[λl cosh(λl) - sinh(λl)]} (9)

with λ2 ) �F/ηl2 and � ) γ̇/λ cosh(λl). As can be seen in eq 7,
the solvent velocity profile u(s) is decoupled from the chain
conformation represented by θ(s) for small θ , 1. It is therefore
expected that the linear analysis would be valid only for slightly
deformed polymer brushes, i.e., at very low shear rates or at
very stiff chains.

The second approach we propose for solving eqs 4 and 5 is
variational: we assume the shape of the semiflexible polymer
to consist of a circular section at the surface (region I: 0 < z <
H̃) and a straight segment at the free end (region II: H̃ < z <
H); see inset of Figure 2a. The filament shape is then completely
specified by two variational parameters, namely the curvature,
1/R, of the circular section and the angle, θ0, that the straight
segment makes with respect to the z-axis. The energy functional
is thus expressed as

E(R, θ0) )
κ

2

θ0

R
- �∫0

H̃ dz
uI(z)xI(z)

√1 - z2/R2
- �∫H̃

H
dz

uII(z)xII(z)

cos θ0

(10)

where H̃ ) R sin θ0 and H ) R sin θ0 + (l - Rθ0) cos θ0.
Given R and θ0, the Stokes equation (3) can be solved for the
flow profile u(z) in the two regions. Minimizing E(R,θ0) gives
optimal values for R* and θ0* and thus an estimate for the
polymer shape and the flow profile. The fluid velocity profile
and chain conformation are now coupled to one another, and
this variational analysis is thus anticipated to give better
estimations than the linear analysis for large shear rates.

Figure 2a shows the laterally averaged stagnated flow profile
ũ(z) ) u(z)/γ̇l from BD simulations (symbols), linear theory
(broken line), and variational theory (solid line). Within the BD

simulations flow profiles are calculated using the laterally
averaged Green’s function Gj (z,z′) ) (z + z′ - |z - z′|)/2η23 as

u(z) ) γ̇z - F
l2 ∑

i

Gj (z, zi)∇ ri
V (11)

The inset displays the corresponding averaged polymer con-
formation obtained from the various approaches. The solvent
velocity follows the imposed linear shear profile above the free
end of chain, du(z)/dz ) γ̇. Linearly extrapolating the flow
profile at the free end to zero solvent velocity (dot-dashed line)
gives the shear-induced stagnation length ∆ which is a measure
of how much the stagnation layer is moved away from the
surface due to the presence of polymers. The comparison shows
that the variational theory reproduces the simulations quite
accurately, less so the linear approach. It turns out that the
solvent flow penetrates deeply into the layer and almost all
monomers are exposed to the flow. Depicted in Figure 2b are
the brush height H and the stagnation length ∆ as a function of
applied shear strength for fixed grafting density F ) 1 and
persistence length lp/l ) 10. In the simulation the brush height
H is obtained as the average over the positions of the terminal
monomers. The variational scheme fits the simulation data quite
well for not too high shear rates and in particular describes the
stagnation height well for low shear rates where the simulation
results are noisy. Note the excellent agreement between BD and
LB simulations. Shear effects on the polymer brush heights have
been controversial. Previous theoretical studies have predicted

Figure 2. (a) Solvent flow profile from BD simulations (circles),
compared with the prediction from variational (solid line) and lineariza-
tion (broken line) analysis. The dot-dashed line shows the linear
extrapolation of flow profile at the free end to extract the stagnation
length. For comparison, the unperturbed flow profile in the absence of
grafted chains is denoted by a dotted line. The parameters are F ) 1,
lp/l ) 10, and and γ̃̇ ) 24. The inset shows the averaged polymer
configuration from BD simulations compared with variational and linear
theory (solid and broken lines). (b) Stagnation length ∆ from BD
simulations and brush height H from BD and LB simulations vs shear
strength at fixed F ) 1 and lp/l ) 10. Predictions for H and ∆ from
variational theory are denoted by full lines and those from linearization
theory by dashed lines.
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swelling of flexible polymer brush layer, i.e., shear-induced
thickening,9,10 while various numerical studies have reported
little change11-13 or decrease in brush thickness at strong shear
flows, i.e., shear-induced thinning.14,15 In previous analytic
approaches, the solvent flow inside the brush was not considered,
and the monomer density profile has been treated in an
approximate way based on the Alexander model. Numerical
studies apart from molecular dynamic simulations treat the flow
profile inside the layer approximately by solving the Brinkman
equation.11,14 On the other hand, the simulation methods
presented here explicitly include the hydrodynamic interactions
among grafted polymers. Consistent with experimental7 and
numerical observations,11,12,14,15 our analytic and numerical
results demonstrate that the brush height is not affected by weak
shear, but decreases at high shear rates, supporting the shear-
induced thinning scenario for the case of semiflexible polymer
brushes. We note that it is difficult to directly compare our
results to MD simulations with explicit solvent. This is so
because those simulations typically deal with quite concentrated
systems and employ strong shear flows for efficiency reasons.
For example, in the MD simulation by Grest,13 the grafting
density in our notation was F ∼ O(102) and the applied shear
rate of the order of γ̃̇ ∼ O(103). More importantly, those MD
simulations considered flexible polymers, whereas our model
considers semiflexible polymers which makes the ground-state
assumption quite accurate.

The Weissenberg number Wi characterizing the strength of
shear flow acting on a soft object is defined as Wi ) τrγ̇. Using
the relaxation time of a semiflexible filament given as τr ∼ ηl4/
kBTlp,

27 the Weissenberg number is directly related to the
dimensionless shear rate γ̃̇ ) l3η̇γ/kBT via Wi ∼ γ̃̇ l/lp. From
Figures 2b and 3b we deduce that the brush layers begin to
deform around values of Wi ∼ O(1).

In Figure 3a, we show the effect of the polymer grafting
density F. In the dilute regime, the brush height is constant and
the stagnation height is essentially zero, meaning that the mean
solvent flow is not perturbed at all by the presence of grafted
polymers. For increasing polymer density the stagnation height
increases dramatically and the brush height only slightly
increases due to hydrodynamic flow screening inside the brush.
The behavior is correctly captured by the variational analysis:
within the variational approach, the stagnation length is in
general given as

∆ ) H - (cos1/2 θ0/λ) tanh(λH/cos1/2 θ0) (12)

It can be shown in the limit of Ff 0 that the energy functional
E[R,θ0] becomes no longer dependent on the grafting density.
Consequently, R* and θ0* are independent of F, so is H for very
dilute systems. The stagnation length then has a linear depen-
dence on the grafting density

∆ ∼ 3πFH3

l2 cos θ0*
∼ F (13)

for vanishing F, as consistent with the simulations. Using
molecular dynamic simulations, Adiga and Brenner recently
studied the solvent permeability through a polymer-grafted
nanopore.5 Via solvent-induced polymer conformation changes
between extended and collapsed states, a smart flow gating
mechanism was proposed. They also found that the solvent
permeability correlates very well with changes in the brush
height. However, according to Figure 3a, this is not always true.
Without significant changes in the brush height, permeability
can be drastically varied by adjusting the grafting density: a
brush that is perfectly permeable in the dilute regime can become
effectively nondraining by increasing the grafting density of stiff
chains, while the brush height remains almost unaffected. The
nonlinear response of the stagnation length as a function of the
grafting density can be also used for designing nanofluidic
biomolecule sorting devices with two-dimensional arrays of
posts.28 The efficiency of these devices would be in principle
related to the flow rates passing through molecular sieves
(roughly proportional to 1/∆) and the density of arrays for
filtration (corresponding to F). It is therefore envisioned that
the optimal performances of devices can be achieved at an
intermediate grafting density due to the nonlinear response of
the stagnation length.

In Figure 3b we present data for varying persistence length.
As seen, flexible chains show smaller brush and stagnation
heights which results from a combination of shape fluctuations
and an enhanced susceptibility to shear. According to linear
analysis, the brush and stagnation heights show a quadratic
dependence on the ratio of shear strength and persistence length
as

H ) l - γ̃̇2l3

(3π)5/2lp
2F9/2

g(√3πF) (14)

∆ ) H - l

(3πF)1/2
tanh(√3πF) (15)

where g(x) ) ∫0
xds(cosh s + A(x)s - B(x)s2 - 1)2/cosh2 x and

A(x) ) x cosh x - sinh x and B(x) ) (cosh x)/2. These results
are accurate for small shear in Figure 2b and large persistence
length lp/l in Figure 3b. It is interesting to note that in the linear
regime the difference between H and ∆ depends only on the
grafting density F and chain length l (and not on the shear rate
or persistence length, in approximate agreement with the sim-
ulation data in Figures 2b and 3b).

Figure 3. (a) Stagnation length and brush height vs the grafting density
F at γ̃̇ ) 24 and lp/l ) 10. (b) Stagnation length and brush height vs
the persistence length lp/l at at γ̃̇ ) 24 and F ) 1. Lines are defined as
in Figure 2b.
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Recently, Gutsche et al. measured the drag force F on a
spherical colloid of radius R0 covered with a layer of grafted
DNA in laminar flows using optical tweezers (Figure 4a).21 The
measured drag force enables us to estimate the effective
hydrodynamic radius of the colloid, arising from the stagnation
length under flow, with which our results can be compared as
follows. Grafted chains experience the highest shear along the
meridian perpendicular to the flow direction and thus the DNA/
colloid complex deforms into an eliposoidal shape. For a
prolate29 the drag force in laminar flow of velocity Uuni is

F )
8πηcUuni

(τ0
2 + 1) coth-1 τ0 - τ0

(16)

where R and � are the semimajor and minor axis lengths, c )
(R2 - �2)1/2, and τ0 ) R/c. For slight aspherity this simplifies
to F ) 6πη�Uuni(1 + ε/5) where R ) �(1 + ε). Assuming the
major radius to be unperturbed, R ) R0 + l (i.e., colloid radius
plus unperturbed brush height), and the minor radius to be given
by � ) R0 + ∆ (i.e., colloid radius plus stagnation length), we
obtain

∆
l
) 5

4( F
6πηlUuni

-
R0

l
- 1

5) (17)

which thus allows to extract the stagnation length ∆ from the
experimentally measured drag force F. Figure 4b shows the
experimental ratio of stagnation length divided by polymer
length, ∆/l (circles), using a contour length l ) 0.34 µm for
1000 bp DNA chains, and a colloid radius R0 ) 1.1 µm with a
grafting density of 1/0.03 µm2, leading to a rescaled density F

) 3.85. In contrast to previous theoretical studies,9,10 the
stagnation length decreases with the applied flow velocity Uuni.
This is in fair agreement with our variational theory (solid line)
for which the shear rate is taken as the Stokes result for a steadily
translating sphere, yielding γ̇ ) 3Uuni/4R0; in the comparison,
a persistence length of lp ) 50 nm is used, which is the standard
value expected for the experimental salt concentration of 150
mM NaCl. It is remarkable that our relatively simple analytic
theory shows an excellent agreement with the experiment for
very small Uuni ()100 µm/s). This implies that hydrodynamic
mean-field theory provides a valuable tool to predict the effective
hydrodynamic radius of polymer-tethered colloids in the situ-
ations of small Weissenberg number which are frequently
encountered in practical applications but hard to be tackled by
simulation methods. Disagreement sets in at about Uuni ∼ 1000
µm/s corresponding to a shear rate of γ̇ ∼ 103/s. The theory
overestimates the stagnation height as expected, since lp/l < 1
and chain shape fluctuations which are ignored in our analytic
model are important in the regime of small lp/l (compare Figure
3b). The simulations (squares) of a system of M ) 4 grafted
wormlike chains at grafting density F ) 3.85 and persistence
length lp ) 50 nm and length l ) 340 nm, modeled as a string
of N ) 34 beads, give a more realistic estimate at larger flow
velocities and, on the other hand, are plagued by large statistical
errors for small Uuni. Overall, we consider the agreement
between variational theory, hydrodynamic theory, and experi-
ments very satisfactory.

In summary, we have studied grafted semiflexible chains in
shear using different simulation and analytical methods and
focused on the interplay between hydrodynamic screening of
the solvent flow and the flow-induced chain bending. As a
nontrivial test of the equivalence of different hydrodynamic
numerical methods, BD and LB simulations have been per-
formed for identical parameters values and show an excellent
agreement for the investigated parameter range. It turns out that
our hydrodynamic mean-field theory correlates very well with
the simulations for stiff enough chains and/or not too strong
shear. Therefore, in dilute systems with low applied shear rates,
where numerical methods are computationally expensive, this
continuum hydrodynamic mean-field theory can be very useful
to design nanofluidic devices with semiflexible-grafted chains.
Excellent agreement for the flow-induced nonlinear reduction
of the stagnation layer height with recent streaming experiments
on DNA brushes is found, lending further credibility to our
hydrodynamic mean-field formalism and simulations.
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